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ASYMPTOTIC STABILITY OF THE RAREFACTION WAVE FOR
THE NON-VISCOUS AND HEAT-CONDUCTIVE IDEAL GAS IN
HALF SPACE
MEICHEN HOU1,2
Abstract. This paper is concerned with the impermeable wall problem for an
ideal polytropic model of non-viscous and heat-conductive gas in one-dimensional
half space. It is shown that the 3-rarefaction wave is stable under some smallness
conditions. The proof is given by an elementary energy method and the key point
is to control the boundary terms due to the less dissipativity of the system.
Keywords: non-viscous; impermeable problem; rarefaction wave;
1. Introduction
In this paper we consider the one-dimensional initial boundary value problem
(IBVP) for the equation of heat-conductive ideal gas without viscosity, which is
modelled by following
ρt˜ + (ρu)x˜ = 0,
(ρu)t˜ + (ρu
2 + p)x˜ = 0,
(ρ(e+
u2
2
))t˜ + (ρu(e+
u2
2
) + pu)x˜ = kθx˜x˜.
(1.1)
Here (t˜, x˜) ∈ R+ × R+ are Eulerian coordinates. And ρ(t˜, x˜) > 0, u(t˜, x˜), e(t˜, x˜) >
0, θ(t˜, x˜) > 0 and p(t˜, x˜) are density, fluid velocity, internal energy, absolute temper-
ature and pressure respectively, while k > 0 is the coefficient of the heat conduction,
and it is a constant in this paper. We consider the ideal polytropic fluids so that
p = Rρθ = Aργ exp(
γ − 1
R
s), e =
R
γ − 1θ, (1.2)
where γ > 1, s are the adiabatic exponent of the gas and the specific entropy of the
fluid respectively. For the IBVP problem of (1.1) in the half space x˜ > 0, the initial
data is given by
{
(ρ0, u0, θ0)(x˜) , (ρ, u, θ)(0, x˜)→ (ρ+, u+, θ+) = z+, as x˜→ +∞,
inf x˜∈R+(ρ0, θ0)(x˜) > 0,
(1.3)
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where ρ+ > 0, θ+ > 0 and u+ ∈ R are given constants. Rewriting (1.1) as following
form

ρt˜ + uρx˜ + ρux˜ = 0,
ut + uux˜ +
p
ρ2
ρx˜ = −Rθx˜,
R
γ−1
θt˜ − κρθx˜x˜ = − Rγ−1uθx˜ −Rθux˜,
(1.4)
one sees that the eigenvalues of the hyperbolic part are
λ˜1 = u− c˜s(θ), λ˜2 = u+ c˜s(θ), (1.5)
where
c˜s(θ) :=
√
p
ρ
=
√
Rθ. (1.6)
As pointed out by ( [20]), the boundary conditions of (1.1) depend on the sign
of λ˜1, λ˜2. Because λ˜1, λ˜2 depend the solution itself, the boundary condition of (1.1)
should be proposed carefully. To simplify this, the global solution z = (ρ, u, θ)
of (1.1) is considered in a small neighborhood U(z+) of the far field states z+ =
(ρ+, u+, θ+) such that the sign of λ˜i(z)(i = 1, 2) is same as the sign of λ˜i(z+). Hence,
the phase space is divided into following regions:
Ω˜+sub := {(ρ, u, θ); 0 < u < c˜s(θ)} , Ω˜−sub := {(ρ, u, θ); −c˜s(θ) < u < 0} ;
Ω˜+supper := {(ρ, u, θ); u > c˜s(θ)} , Ω˜−supper := {(ρ, u, θ); u < −c˜s(θ)} ;
Γ˜+trans := {(ρ, u, θ); u = c˜s(θ)} , Γ˜−trans := {(ρ, u, θ); u = −c˜s(θ)} ;
Γ˜0sub := {(ρ, u, θ); u = 0}
and there are three cases for the boundary conditions of (1.1):
Case (1): If z+ = (ρ+, u+, θ+) ∈ Ω˜−supper, in the neighborhood of U(z+), λ˜1(z) < 0,
λ˜2(z) < 0, the boundary condition is
θ(t˜, 0) = θ−. (1.7)
Case (2): If z+ = (ρ+, u+, θ+) ∈ Ω˜+sub
⋃
Ω˜−sub
⋃
Γ˜0sub, in the neighborhood of U(z+),
λ˜1(z) < 0, λ˜2(z) > 0, the boundary condition is
u(t˜, 0) = u−, θ(t˜, 0) = θ−. (1.8)
Case (3): If z+ = (ρ+, u+, θ+) ∈ Ω˜+supper, in the neighborhood of U(z+), λ˜1(z) > 0,
λ˜2(z) > 0, the boundary condition is
ρ(t˜, 0) = ρ−, u(t˜, 0) = u−, θ(t˜, 0) = θ−. (1.9)
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Here ρ−, u−, θ− are given constants. Above cases tell us that the IBVP problem of
(1.1) is very different from the IBVP problem of the viscous and heat-conductive
ideal gas. For the latter, the system is
ρt˜ + (ρu)x˜ = 0,
(ρu)t˜ + (ρu
2 + p)x˜ = µux˜x˜,
(ρ(e +
u2
2
))t˜ + (ρu(e+
u2
2
) + pu)x˜ = kθx˜x˜ + (µuux˜)x˜,
(1.10)
where µ > 0 stands for the coefficient of viscosity. By [19], because the first equation
is of hyperbolic, the second and third equations are of parabolic, then the boundary
conditions of (1.10) can be divided into three cases

Case I : u(t˜, 0) = u− < 0, θ(t˜, 0) = θ−,
Case II : u(t˜, 0) = u− = 0, θ(t˜, 0) = θ−,
Case III : u(t˜, 0) = u− > 0, ρ(t˜, 0) = ρ−, θ(t˜, 0) = θ−.
(1.11)
Note that in Case I−II, the density ρ on the boundary x˜ = 0 is unknown. Usually,
Case I − III are called outflow problem (u(t˜, 0) < 0), impermeable wall problem
(u(t˜, 0) = 0), inflow problem (u(t˜, 0) > 0) respectively. Compare the boundary
conditions ((1.7)-(1.9)) of (1.1) with (1.11), we immediately know that the IBVP
problems of (1.1) is more complicated than the related problems of (1.10) due to
the less dissipativity.
There are many works to the large time behavior of solutions to the Cauchy
problem of systems (1.1) and (1.10), see ( [2], [5], [6], [10], [12], [18], [31], [36]), all
this works tell us that the large time behavior of solutions to the Cauchy prob-
lem is governed by the Riemann solutions to the corresponding compressible Euler
equations.
For the IBVP problems of (1.1) and (1.10), the boundary layer maybe appear due
to the boundary effect, see ( [19], [23]). Therefore, it attracts many authors to study
the related problems. For the inflow problems of (1.10), Qin-Wang ( [33], [34]) stud-
ied the superposition of multiple waves, i.e, rarefaction waves, boundary layer and
contact wave. Recently, for the outflow problems of (1.1), Nakamura-Nishibata [28]
studied the existence and stability of the boundary layer for the general symmet-
ric hyperbolic-parabolic systems and their results contained the supersonic case of
(1.1), i.e., z ∈ Ω˜−supper (Case (1)). And for the inflow problems of (1.1), we have
showned the existence of the boundary layer for u+ > 0, moreover, the stability of
the composition of rarefaction wave and boundary layer in supersonic case has been
proved, i.e., z ∈ Ω˜+supper (Case (3)), which will be appear, see ( [3]). For other related
results, we refer to ( [1], [4], [7], [9], [11], [13]- [17], [23]- [30], [32], [35]) and some
references therein.
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For the impermeable wall problem, Matsumura-Mei [21] studied the asymptotic
stability of the viscous shock wave for the isentropic gas (p = Aργ). Matsumura-
Nishihara [22] proved the stability of the rarefaction wave for the same model.
Lately, Min-Qin [24] proved the asymptotic stability of the rarefaction wave of (1.10)
for some large perturbation. Motivated by this, in this paper, we turn to study the
stability of the rarefaction wave for the impermeable wall problem of (1.1). For
this problem, z+ ∈ Ω+sub, z ∈ U(z+), then λ˜1(z) < 0, λ˜2(z) > 0 immediately tell us
that the boundary condition of this problem should be (u, θ)(t, 0) = (u−, θ−), here
u− = 0(see Case (2)). Hence, the IBVP problem we consider here is (1.1), (1.3)
and (1.8), where u− = 0. There are two main difficulties of this problem to over-
come. The one is that both the density and the velocity equations are of hyperbolic,
we need more higher order derivative estimates to recover the dissipativity of the
hyperbolic part. The other is that how to control the higher order derivatives of
boundary terms (see (H2(τ, 0) in (3.56)). In order to solve the second difficulty, we
use the relationship (3.61) between the boundary terms in our estimates.
This paper is organized as follows. In Section 2, we do the transformation of coor-
dinates for (1.1) and list some properties of the smooth approximation of rarefaction
wave, then we state our main Theorem 2.1. In Section 3, we prove Theorem 2.1.
Notations. Throughout this paper, c and C denote some positive constants (gen-
erally large). For function spaces, Lp(R+)(1 ≤ p ≤ ∞) denotes the usual Lebesgue
space on R+ with norm ‖·‖Lp and Hk(R+) the usual Sobolev space in the L2 sense
with norm ‖ · ‖p. We note ‖ · ‖ = ‖ · ‖L2 for simplicity. And Ck(I;Hp) is the space of
k-times continuously differentiable functions on the interval I with values in Hp(R+)
and L2(I;Hp) the space of L2-functions on I with values in Hp(R+).
2. Preliminaries and Main results
To simplify the system (1.1), (1.3) and (1.8), we change the Eulerian coordinates
(t˜, x˜) into Lagrangian coordinates (t, x)
t = t˜, x =
∫ (t˜,x˜)
(0,0)
ρ(τ, y)dy − (ρu)(τ, y)dτ. (2.1)
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Since u− = 0, we let v =
1
ρ
> 0 which is the specific volume of the gas, then the
impermeable wall problem for (1.1) becomes following
vt − ux = 0, t > 0, x ∈ R+,
ut + px = 0,
(
R
γ − 1θ +
u2
2
)t + (pu)x = k(
θx
v
)x,
(v0, u0, θ0)(x) , (v, u, θ)(0, x)→ (v+, u+, θ+) x→ +∞,
inf
x∈R+
(v0, θ0)(x) > 0, u(t, 0) = 0, θ(t, 0) = θ−,
(2.2)
where
p = p(v, θ) =
Rθ
v
= Av−γ exp(
γ − 1
R
s) = p(v, s), (2.3)
and the initial data satisfy u0(0) = 0, θ0(0) = θ− as compatibility conditions. We
have known that the corresponding hyperbolic system of (2.2) has three character-
istic speeds
λ1(v, θ) = −
√
Rγθ
v
< 0, λ2 = 0, λ3(v, θ) =
√
Rγθ
v
> 0. (2.4)
Now we turn to list some properties of the 3-rarefaction wave. The 3-rarefaction
wave curve through the right-hand side state (v+, u+, θ+) is
R3(v+, u+, θ+) : =
{
(v, u, θ) : v > v+, v
γ−1θ = vγ−1+ θ+, (2.5)
u = u+ −
∫ v
v+
√
Rγv
γ−1
+ θ+ξ
−
γ+1
2 dξ
}
. (2.6)
Precisely to say, if v+, u+, θ+, θ− satisfy following condition
0 < u+ =
∫ ( θ+
θ
−
)
1
γ−1 v+
v+
√
Rγv
γ−1
+ θ+ξ
−
γ+1
2 dξ, (2.7)
then the 3-rarefaction wave (vr, ur, θr)(x
t
) is the unique weak solution which is global
in time to the following Riemann problem
vrt − urx = 0,
urt + p
r
x = 0,
(
R
γ − 1θ
r +
ur
2
2
)t + (p
rur)x = 0,
(vr, ur, θr)(t, 0) =
{
(v−, 0, θ−), x < 0,
(v+, u+, θ+), x > 0.
(2.8)
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Here pr = Rθ
r
vr
, v− > v+, θ− < θ+, and v− = (
θ+
θ−
)
1
γ−1 v+. To study the large time
behavior of the solutions to the impermeable wall problem (2.2), we construct a
smooth approximation (v˜, u˜, θ˜)(t, x) of 3-rarefaction wave (vr, ur, θr)(x
t
). Same as [8],
we consider the following Cauchy problem
wt + wwx = 0,
w(x, 0) =
{
w−, x < 0,
w− + Cqδ
r
∫ ǫx
0
yqe−ydy, x > 0.
(2.9)
Here δr = w+ − w− > 0, 0 < ǫ ≤ 1 is a constant which will be determined later
and q ≥ 10, Cq are two constants such that Cq
∫∞
0
yqe−ydy = 1. Then the smooth
approximation (v˜, u˜, θ˜)(t, x) is constructed in the following way
(
√
Rγθ˜
v˜
)(t, x) = w(1 + t, x),
(v˜γ−1θ˜)(t, x) = vγ−1+ θ+, x ∈ R, t > 0.
u˜ = u+ −
∫ v˜
v+
√
Rγv
γ−1
+ θ+ξ
−
γ+1
2 dξ.
(2.10)
Because λ3(v−, θ−) > 0, we immediately know that both the 3-rarefaction wave
(vr, ur, θr) and its smooth approximation (v˜, u˜, θ˜) are constants on (t, x) ∈ (0,+∞)×
R−. Then we use (v˜, u˜, θ˜)(t, x) to represent (v˜, u˜, θ˜)(t, x)|x≥0, we have
v˜t − u˜x = 0,
u˜t + p˜x = 0, t > 0, x ∈ R+
(
R
γ − 1 θ˜ +
u˜2
2
)t + (p˜u˜)x = 0,
(v˜, u˜, θ˜)(t, 0) = (v−, 0, θ−),
(v˜0, u˜0, θ˜0)(x)→
{
(v−, 0, θ−), x→ 0+,
(v+, u+, θ+), x→ +∞,
(2.11)
where p˜ = p(v˜, θ˜) = Rθ˜
v˜
. We get following Lemma.
Lemma 2.1. (Smooth rarefaction wave)( [8])(v˜, u˜, θ˜)(t, x) satisfies
(1)0 ≤ −v˜x(t, x), Rγ−1 θ˜x(t, x) ≤ Cu˜x(t, x);
(2)For any p(1 ≤ p ≤ +∞), there exists a constant Cpq such that
‖(v˜x, u˜x, θ˜x)(t)‖Lp ≤ Cpqmin{δrǫ1−
1
p , (δr)
1
p (1 + t)−1+
1
p},
‖(v˜xx, u˜xx, θ˜xx)(t)‖Lp ≤ Cpqmin{δrǫ2−
1
p , ((δr)
1
p + (δr)
1
q )(1 + t)−1+
1
q },
(2.12)
(3)If x < λ3(v−, θ−)(1 + t), then (v˜, u˜, θ˜)(t, x) ≡ (v−, u−, θ−),
(4)limt→+∞ supξ∈R+ |(v˜, u˜, θ˜)(t, x)− (vr, ur, θr)( x1+t)| = 0.
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We assume that the initial data satisfy
(v0− v˜0, u0−u˜0, θ0− θ˜0) ∈ H2(R+), (vt− v˜t, ut−u˜t, θt− θ˜t)(0, x) ∈ H1(R+). (2.13)
Then the stability of 3-rarefaction wave is listed as follows
Theorem 2.1. Assume that γ > 1 and the relationship between v+, u+, θ+, and θ−
satisfy
u+ =
∫ ( θ+
θ
−
)
1
γ−1 v+
v+
√
Rγv
γ−1
+ θ+ξ
−
γ+1
2 dξ, θ+ − θ− > 0. (2.14)
If the initial data satisfy (2.13), then there exist positive constants ǫ1, ε0 such that
if ǫ ≤ ǫ1 and
‖v0 − v˜0, u0 − u˜0, θ0 − θ˜0‖2 + ‖(vt − v˜t, ut − u˜t, θt − θ˜t)(0)‖1 ≤ ε0, (2.15)
the impermeable wall problem (2.2) has a unique global solution (v, u, θ)(t, x) which
satisfy
(v − v˜, u− u˜, θ − θ˜) ∈ C([0,+∞);H2(R+)), (v − v˜, u− u˜, θ − θ˜)t ∈ C([0,+∞);H1(R+)),
(v − v˜, u− u˜)x ∈ L2(0,+∞;H1(R+)), (θ − θ˜)x ∈ L2(0,+∞;H2(R+)),
(θ − θ˜)t ∈ L2(0,+∞;H2(R+)).
(2.16)
Moreover,
sup
x≥0
|(v, u, θ)(t, x)− (vr, ur, θr)(x
t
)| → 0, as t→ +∞. (2.17)
3. Proof of Theorem 2.1
This section we mainly proof Theorem 2.1. In Section 3.1, we shall reformulate
system (2.2) to a new perturbed system and show the local existence of the solution,
see Proposition 3.1. In Section 3.2, a priori estimates will be investigated, see
Proposition 3.2. Finally ,we will combine this two Propositions to get the stability
of the 3-rarefaction wave.
3.1. Local existence of the solution. Now we turn to reformulate the system
(2.2). Put the perturbation (φ, ψ, ξ)(t, x) by
(φ, ψ, ξ)(t, x) = (v, u, θ)(t, x)− (v˜, u˜, θ˜)(t, x), (3.1)
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then the reformulated problem is
φt − ψx = 0, t > 0, x ∈ R+
ψt + (
Rξ − p˜φ
v
)x = 0,
R
γ − 1ξt + pψx + u˜x(p− p˜) = k(
θx
v
)x,
(ψ, ξ)(t, 0) = (0, 0),
(φ, ψ, ξ)(0, x) , (φ0, ψ0, ξ0)(x)→ (0, 0, 0), as x→ +∞.
(3.2)
Define the solution space as
Xm1,m2,M(0, T ) :=
{
(φ, ψ, ξ) ∈ C([0, T ];H2(R+)), (φ, ψ, ξ)t ∈ C([0, T ];H1(R+)),
(φ, ψ)x ∈ L2(0, T ;H1(R+)), ξx ∈ L2(0, T ;H2(R+)), ξt ∈ L2(0, T ;H2(R+)),
with sup
[0,T ]
‖(φ, ψ, ξ)(t)‖2 + ‖(φt, ψt, ξt)(t)‖1 ≤M, inf
R+×[0,T ]
(v˜ + φ)(t, x) ≥ m1,
inf
R+×[0,T ]
(θ˜ + ξ)(t, x) ≥ m2
}
(3.3)
for some positive constants m1, m2,M .
Proposition 3.1. (Local existence) For any given initial data (φ0, ψ0, ξ0) ∈ H2(R+)
and (φt, ψt, ξt)(0, x) ∈ H1(R+), there exists positive constantM0 such that if ‖(φ0, ψ0, ξ0)‖2+
‖(φt, ψt, ξt)(0)‖1 ≤ M(C˜M ≤M0)and infR+×[0,T ](v˜+φ0) ≥ 3v+8 , infR+×[0,T ](θ˜+ ξ0) ≥
3θ−
8
, then there exists t0 = t0(M0) > 0 such that (3.2) has a unique solution
(φ, ψ, ξ) ∈ X 3v+
8
,
3θ
−
8
,C˜M
(0, t0).
Proof. Rewrite (3.2) with following forms,

φt − ψx = 0,
ψt − p
v
φx = g1 := g1(φ, ξ, ξx),
R
γ − 1ξt − k
ξxx
v˜ + φ
= g2 := g2(φ, ξ, φx, ψx, ξx),
ψ(t, 0) = 0, ξ(t, 0) = 0,
(φ(0, x), ψ(0, x), ξ(0, x)) = (φ0(x), ψ0(x), ξ0(x))→ (0, 0, 0), as x→ +∞,
(3.4)
where
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g1(φ, ξ, ξx) =
p˜xφ
v˜ + φ
− p˜v˜xφ
(v˜ + φ)2
− Rξx
v˜ + φ
+
Rξv˜x
(v˜ + φ)2
,
g2(φ, ξ, φx, ψx, ξx) = −kξx(v˜ + φ)x
(v˜ + φ)2
− pψx − u˜x(p− p˜) + k( θ˜x
v˜ + φ
)x.
(3.5)
Now we approximate the initial data (φ0, ψ0, ξ0) by (φ0j, ψ0j , ξ0j) ∈ Hm ∩ H2,
m ≥ 6 such that
(φ0j, ψ0j , ξ0j)→ (φ0, ψ0, ξ0) strongly in Hm (3.6)
as j →∞ and
‖(φ0j , ψ0j)‖2 + ‖ξ0j‖3 ≤ 3
2
M, (3.7)
furthermore, infR+(v˜+φ0j)(t, x) ≥ 3v+8 , infR+(θ˜+ ξ0j)(t, x) ≥ 3θ−8 hold for any j ≥ 1.
(Here because our initial data satisfy ‖(φ0, ψ0, ξ0)‖2 + ‖(φt, ψt, ξt)(0)‖1 ≤ M , by
system (3.2), we know that the norm is equivalent to ‖(φ0, ψ0)‖2+‖ξ0‖3, that’s why
we construct approximated sequence satisfy (3.7)).
We will use the iteration method to prove our Proposition 3.1. Define the sequence
{(φ(n)j (t, x), ψ(n)j (t, x), ξ(n)j (t, x))} for each j so that
(φ
(0)
j , ψ
(0)
j , ξ
(0)
j )(t, x) = (φ0j , ψ0j , ξ0j)(x), (3.8)
and for a given (φ
(n−1)
j , ψ
(n−1)
j , ξ
(n−1)
j )(t, x), (φ
(n)
j , ψ
(n)
j , ξ
(n)
j )(t, x) is a solution to fol-
lowing equation

φ
(n)
jt − ψ(n)jx = 0
ψ
(n)
jt − (
R(θ˜ + ξ
(n−1)
j )
(v˜ + φ
(n−1)
j )
2
)φ
(n)
jx = g
(n−1)
1 = g
(n−1)
1 (φ
(n−1)
j , ξ
(n−1)
j , ξ
(n−1)
jx )
R
γ − 1ξ
(n)
jt − k
ξ
(n)
jxx
v˜ + φ
(n−1)
j
= g
(n−1)
2 = g
(n−1)
2 (φ
(n−1)
j , ξ
(n−1)
j , φ
(n−1)
jx , ψ
(n−1)
jx , ξ
(n−1)
jx )
ψ
(n)
j (t, 0) = 0, ξ
(n)
j (t, 0) = 0
(φ
(n)
j , ψ
(n)
j , ξ
(n)
j )(0, x) = (φ0j, ψ0j , ξ0j)(x),
(3.9)
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where
g
(n−1)
1 (φ
(n−1)
j , ξ
(n−1)
j , ξ
(n−1)
jx )
=
p˜xφ
(n−1)
v˜ + φ
(n−1)
j
− p˜v˜xφ
(n−1)
j
(v˜ + φ
(n−1)
j )
2
− Rξ
(n−1)
jx
v˜ + φ
(n−1)
j
+
Rξ
(n−1)
j v˜x
(v˜ + φ
(n−1)
j )
2
g
(n−1)
2 (φ
(n−1)
j , ξ
(n−1)
j , φ
(n−1)
jx , ψ
(n−1)
jx , ξ
(n−1)
jx )
= −kξ
(n−1)
jx (v˜x + φ
(n−1)
jx )
(v˜ + φ
(n−1)
j )
2
− p˜ψ(n−1)jx − (u˜x + ψ(n−1)jx )(
Rξ
(n−1)
j − p˜φ(n−1)j
v˜ + φ
(n−1)
j
) + k(
θ˜x
v˜ + φ
(n−1)
j
)x.
(3.10)
We now assume that M0 suitably small, if g
(n−1)
2 ∈ C(0, t0;Hm−1), and ξ0j ∈ Hm,
then there exists a unique local solution ξ
(n)
j to (3.9) satisfying
ξ
(n)
j ∈ C(0, T0;Hm) ∩ C1(0, T0;Hm−2) ∩ L2(0, T0;Hm+1). (3.11)
Making use of this, if (φ
(n−1)
j (t, x), ψ
(n−1)
j (t, x), ξ
(n−1)
j (t, x)) ∈ X 3v+
8
,
3θ
−
8
,C˜M
, from sys-
tem (3.9), we immediately get that
‖ξ(n)j (t)‖22 + ‖ξ(n)jt (t)‖21 +
∫ t0
0
‖ξ(n)jx (τ)‖22 + ‖ξ(n)jt (τ)‖22dτ
≤ CeC(v+,θ−,M0)t0(‖ξ0j‖22 + ‖ξjt(0)‖21 + C(v+, θ−,M0)t0).
(3.12)
Then a direct computation on (3.9)1,2 with (3.12) also tell us
‖(φ(n)j , ψ(n)j )(t)‖22 + ‖(φ(n)jt , ψ(n)jt )(t)‖21 ≤ CeC(v+,θ−,M0)t0(‖φ0j, ψ0j‖22 + ‖(φjt, ψjt)(0)‖21
+ C(v+, θ−,M0)t0 +
∫ t0
0
‖ξ(n−1)jxxx (τ)‖2 + ‖ξ(n−1)jtxx (τ)‖2dτ).
(3.13)
Combing (3.12) and (3.13), as long as t0 suitably small, we finally get
‖(φ(n)j , ψ(n)j , ξ(n)j )(t)‖2 + ‖(φ(n)jt , ψ(n)jt , ξ(n)jt )(t)‖1 ≤ C˜M. (3.14)
And infR+×[0,T ](v˜ + φ
(n)
j )(t, x) ≥ 3v+8 , infR+×[0,T ](θ˜ + ξ
(n)
j )(t, x) ≥ 3θ−8 . That is
to say the sequence (φ
(n)
j , ψ
(n)
j , ξ
(n)
j ) is uniformly bounded in the function space
X 3v+
8
,
3θ
−
8
,C˜M
(0, t0). By using the same method in ( [14]), we can finally prove that
(φ
(n)
j , ψ
(n)
j , ξ
(n)
j ) has a subsequence (φ
(n′)
j , ψ
(n′)
j , ξ
(n′)
j )→ (φj, ψj , ξj) ∈ X 3v+
8
,
3θ
−
8
,C˜M
(0, t0)
as n′ → +∞. Again, we let j → ∞, we obtain the desired unique local solution
(φ, ψ, ξ)(t, x) ∈ X 3v+
8
,
3θ
−
8
,C˜M
as long as t0 so small. Thus Proposition 3.1 has been
proved.
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Note that we could let M0(≤ min{5v+8 , 5θ−8 }) so small, then from the proof of
Proposition 3.1 and the Sobolev’s inequality, the lower bounds of v, θ satisfy follow-
ing condition obviously.
inf
R+×[0,t0]
(v˜ + φ(t, x)) ≥ 3v+
8
, inf
R+×[0,t0]
(θ˜ + ξ(t, x)) ≥ 3θ−
8
. (3.15)
3.2. Stability of the 3-rarefaction wave. In this section, a priori estimates will
be listed, see Proposition 3.2. As long as this Proposition be proved, then Proposi-
tion 3.1, Proposition 3.2 and Lemma 2.1 imply Theorem 2.1 immediately.
Proposition 3.2. (A priori estimates) For 0 < ǫ ≤ 1 listed in (2.9), if ǫ ≤ ǫ1
for small positive constant ǫ1, there exist positive constants ε0(C˜ε0 ≤ M0), and C0
which depend on only the initial data such that the following statements hold. If
(φ, ψ, ξ)(t, x) ∈ X 3v+
8
,
3θ
−
8
,ε0
(0, T ) is a solution to (3.2) for some T > 0, then it holds
that
‖(φ, ψ, ξ)(t)‖22 + ‖(φt, ψt, ξt)(t)‖21 +
∫ t
0
‖(φx, ψx)(τ)‖21 + ‖ξx(τ)‖22 + ‖ξt(τ)‖22 dτ
≤ C0(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖21 + ǫ
1
4 ).
(3.16)
Once Proposition 3.2 is proved, choosing ǫ, ‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖21 suit-
ably small such that
‖(φ0, ψ0, ξ0)‖2 + ‖(φt, ψt, ξt)(0)‖1 ≤ ε0
C˜
,
C0(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖21 + ǫ
1
4 ) ≤ (ε0
C˜
)2.
(3.17)
Then combing Proposition 3.1 and Proposition 3.2, we can construct the global
solution (φ, ψ, ξ)(t, x) ∈ X 3v+
8
,
3θ
−
8
,
ε0
C˜
(0,+∞). Moreover, it satisfy the estimate (3.16)
for all t > 0. Then from (3.16) and the system (3.2), we can get∫ +∞
0
‖(φx, ψx, ξx)(τ)‖2dτ +
∫ +∞
0
d
dt
‖(φx, ψx, ξx)(τ)‖2 < +∞, (3.18)
which together with the Sobolev’s inequality leads to the asymptotic behavior of the
solution
lim
t→+∞
sup
x∈R+
|(φ, ψ, ξ)(t, x)| = 0. (3.19)
Combing Lemma 2.1, we finally get Theorem 2.1. Now we mainly proof Proposition
3.2.
Proof of Proposition 3.2:
First, we show the basic estimates.
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Lemma 3.1. Under the same assumptions listed in Proposition 3.2, if ǫ, ε0 are
suitably small, it holds that
‖(φ, ψ, ξ)(t)‖2 +
∫ t
0
‖ξx(τ)‖2 ≤ C(v+, θ−)(‖(φ0, ψ0, ζ0)‖2 + ǫ 14 [
∫ t
0
‖φx(τ)‖2dτ + 1]),
(3.20)
where C(v+, θ−) is a positive constant which depends on v+, θ−, and it is always true
without illustration in below.
Proof. Define the energy form
E = RθˆΦ(
v
v˜
) +
ψ2
2
+
R
γ − 1 θ˜Φ(
θ
θ˜
), (3.21)
where Φ(s) = s− 1− ln s, obviously, there exists a positive constant C(s) such that
C(s)−1s2 ≤ Φ(s) ≤ C(s)s2. (3.22)
Then after computation, we get
Et + ((p− p˜)ψ)x = k(ξξx
vθ
)x − k θ˜
vθ2
ξ2x +H (3.23)
where
H = {−p˜u˜x(φ
2
vv˜
+
(p− p˜)ξ
p˜θ
− ξ
2
θ˜θ
+ (γ − 1)Φ(v
v˜
) + Φ(
θ
θ˜
))}
+ {−k θ˜xφxξ
v2θ
+ k
θ˜xξξx
vθ2
+ k
θ˜xxξ
vθ
− k θ˜xv˜xξ
v2θ
}
= H1 +H2
(3.24)
The form of p(v, s) in (2.3) tell us
0 ≤ p(v, s)− p(v˜, s˜)− pv(v˜, s˜)φ− ps(v˜, s˜)(s− s˜)
= p˜(
φ2
vv˜
+
(p− p˜)ξ
p˜θ
− ξ
2
θ˜θ
+ (γ − 1)Φ(v
v˜
) + Φ(
θ
θ˜
)),
(3.25)
since u˜x ≥ 0,
∫ t
0
∫
R+
H1dxdτ ≤ 0. (3.26)
Besides that,
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∫ t
0
∫
R+
H2dxdτ
≤ c(v+, θ−)ǫ− 14
∫ t
0
‖θ˜x‖2L∞‖ξ‖2dτ + c(v+, θ−)
∫ t
0
‖ξ‖L∞(‖u˜x‖2 + ‖θ˜xx‖L1)dτ
+
1
8
k
∫ t
0
∫
R+
θ˜
vθ2
ξ2xdxdτ + ǫ
1
4
∫ t
0
‖φx(τ)‖2dτ
≤ c(v+, θ−)(ǫ 14
∫ t
0
(1 + τ)−
3
2‖ξ‖2dτ +
∫ t
0
‖ξ‖ 23 (‖u˜x‖ 83 + ‖θ˜xx‖
4
3
L1
)dτ
+
1
4
k
∫ t
0
∫
R+
θ˜
vθ2
ξ2xdxdτ + ǫ
1
4
∫ t
0
‖φx(τ)‖2dτ,
(3.27)
where∫ t
0
‖ξ‖ 23 (‖u˜x‖ 83 + ‖θ˜xx‖
4
3
L1
)dτ ≤ Cǫ 14
∫ t
0
(1 + τ)(
13
12
)(−1+ 1
q
)(1 + ‖ξ‖2)dτ. (3.28)
Here we use the fact that |θ˜x| ≤ C(γ − 1)|u˜x|, |v˜x| ≤ C|u˜x|. Combing the results
(3.26)-(3.28), choosing q suitably large such that 13
12
(−1 + 1
q
) > 1, then integrating
(3.23) over [0, t]× R+, we immediately get that
‖(φ, ψ, ξ)(t)‖2 +
∫ t
0
‖ξx(τ)‖2
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖2 + ǫ 14
∫ t
0
‖φx(τ)‖2dτ + ǫ 14‖ξ(t)‖2 + ǫ 14 ).
(3.29)
Choosing ǫ
1
4 suiably small, we finally get
‖(φ, ψ, ξ)(t)‖2 +
∫ t
0
‖ξx(τ)‖2 ≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖2 + ǫ 14
∫ t
0
‖φx(τ)‖2dτ + ǫ 14 ).
(3.30)
That is (3.20) in our Lemma 3.1.
Secondly, we show the one derivative estimates in L2.
Lemma 3.2. Under the same assumptions listed in Proposition 3.2, if ǫ, ε0 are
suitably small, it holds that
‖(φx, ψx, ξx)(t)‖2 +
∫ t
0
‖ξxx(τ)‖2dτ ≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21
+ (ε0 + ǫ
1
4 + η1)
∫ t
0
‖(φx, ψx)(τ)‖2dτ + (ε0 + ǫ 14 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 ).
(3.31)
where η1 is some small positive constant which will be determined later.
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Proof. Let (3.2)1x × p˜vφx, (3.2)2 ×−ψxx, (3.2)3 ×− ξxxθ , then
(
1
2
p˜
v
φ2x +
1
2
ψ2x +
1
2
R
γ − 1
ξ2x
θ
)t − (ψtψx + R
γ − 1ξt
ξx
θ
+
Rξxψx
v
)x
− 1
2
(
p˜
v
)tφ
2
x +
R
γ − 1(
1
θ
)xξtξx − 1
2
R
γ − 1(
1
θ
)tξ
2
x − u˜x(p− p˜)
ξxx
θ
= −k(ξx
v
)x
ξxx
θ
− k( θ˜x
v
)x
ξxx
θ
+ F1,
(3.32)
where F1 is following:
F1 = −(R
v
)xψxξx + (
R
v
)xξψxx − ( p˜
v
)xφψxx. (3.33)
Integrating (3.32) over [0, t]× R+, and by the Sobelov’s inequality,
‖(φx, ψx, ξx)(t)‖2 +
∫ t
0
‖ξxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21 +
∫ t
0
|ξxψx|(τ, 0)dτ + (ε0 + ǫ 14 )
∫ t
0
‖(φx, ψx, ξx)(τ)‖21
+ ǫ−
1
4 (
∫ t
0
∫
R+
|u˜x|2(φ2 + ξ2)dxdτ +
∫ t
0
‖θ˜xx, θ˜xv˜x‖2dτ))
(3.34)
Similar as (3.27), we immediately get that
ǫ−
1
4 (
∫ t
0
∫
R+
|u˜x|2(φ2 + ξ2)dxdτ +
∫ t
0
‖θ˜xx, θ˜xv˜x‖2dτ)
≤ Cǫ 14 (
∫ t
0
(1 + τ)−
3
2‖φ, ξ‖2dτ +
∫ t
0
(1 + τ)−
5
2 + (1 + τ)(
5
3
)(−1+ 1
q
)dτ).
(3.35)
For the boundary term, we deal with it in following way. On the one hand,∫ t
0
|ξxψx|(τ, 0)dτ
≤ C
∫ t
0
‖ξx(τ)‖2dτ + 1
4
∫ t
0
‖ξxx(τ)‖2dτ + η1
∫ t
0
|ψx|2(τ, 0)dτ,
(3.36)
and η1 is some small constant which will be determined later, on the other hand,
(3.2)1x × ψx + (3.2)2x × φx tell us
(φxψx)t − (1
2
ψ2x +
p˜
2v
φ2x)x = F2, (3.37)
where F2 is
F2 = 2
Rξxvx
v2
φx +
3
2
(
p˜
v
)xφ
2
x + (
p˜
v
)xxφφx − Rξxx
v
φx − (R
v
)xxξφx. (3.38)
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Integrating (3.37) over [0, t]× R+, then
∫ t
0
φ2x(τ, 0) + ψ
2
x(τ, 0)dτ
≤ C(v+, θ−)(‖(φ0, ψ0)‖21 + ‖(φx, ψx)(t)‖2 + (ε0 + ǫ
1
4 )
∫ t
0
‖(ξx, φxx)(τ)‖2
+
∫ t
0
‖(φx, ξxx)(τ)‖2dτ) + ǫ− 14
∫ t
0
(‖u˜xx‖2L∞ + ‖u˜x‖4L∞)‖φ, ξ‖2dτ
(3.39)
Simiar as before, we have
ǫ−
1
4
∫ t
0
(‖u˜xx‖2L∞ + ‖u˜x‖4L∞)‖φ, ξ‖2dτ ≤ cǫ
1
4
∫ t
0
(1 + τ)−
3
2‖φ, ξ‖2dτ (3.40)
Substituting (3.20), (3.35)-(3.36) and (3.39)-(3.40) into (3.34), choosing ǫ, ε0 suit-
ably small, q suitably large, we have
‖(φx, ψx, ξx)(t)‖2 +
∫ t
0
‖ξxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21 + η1‖(φx, ψx)(t)‖2 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φx, ψx)(τ)‖21dτ + ǫ
1
4
+ η1
∫ t
0
‖(φx, ξxx)(τ)‖2dτ).
(3.41)
Again let η1 suitably small, we get
‖(φx, ψx, ξx)(t)‖2 +
∫ t
0
‖ξxx(τ)‖2dτ ≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21
+ (ε0 + ǫ
1
4 + η1)
∫ t
0
‖(φx, ψx)(τ)‖2dτ + (ε0 + ǫ 14 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 ).
(3.42)
This is our estimate (3.31).
Lemma 3.3. Under the same assumptions listed in Lemma 3.2, if ǫ, ε0, η1 are suit-
ably small, it holds that
∫ t
0
‖(φx, ψx)(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 ),
(3.43)
Proof. (3.2)2 ×−12φx, (3.2)3 × ψxp imply that
16 MEICHEN HOU1,2
p˜φ2x
2v
+
1
2
[(
p˜
v
)xφφx − (Rξ
v
)xφx] =
1
2
[(ψφx)t − (ψφt)x + ψ2x]
(
R
γ − 1
ψx
p
ξ)t − R
γ − 1(
1
p
)tξψx − ( R
γ − 1
ψtξ
p
)x +
R
γ − 1(
ξ
p
)xψt + ψ
2
x
+
u˜x(p− p˜)
p
ψx = k(
θx
v
)x
ψx
p
(3.44)
Integrating (3.44)1 + (3.44)2 over [0, t] × R+, and by Sobelov’s inequality and
previous results (3.20), (3.31),
∫ t
0
‖(φx, ψx)(τ)‖2dτ ≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21
+ (ε0 + ǫ
1
4 + η1)
∫ t
0
‖(φx, ψx)(τ)‖2dτ + (ε0 + ǫ 14 )
∫ t
0
‖(φxx, ψxx)(τ)‖2 + ǫ 14 ).
(3.45)
Again choosing ε0, ǫ, η1 suitably small, we finally get
∫ t
0
‖(φx, ψx)(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 ),
(3.46)
which is our estimate (3.43). Combining Lemma 3.1-Lemma 3.3, our estimates are
listed as follows
‖(φ, ψ, ξ)(t)‖21 +
∫ t
0
‖(φx, ψx)(τ)‖2 + ‖ξx(τ)‖21dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 )
(3.47)
By our system (3.2), from (3.47) and previous computations, we can deduce that
∫ t
0
‖(φt, ψt, ξt)(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 )
(3.48)
Lemma 3.4. Under the same assumptions listed in Proposition 3.2, if ǫ, ε0 are
suitably small, it holds that
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‖(φt, ψt, ξt)(t)‖2 +
∫ t
0
‖ξtx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖21 + ‖(φt, ψt, ξt)(0)‖2 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 )
(3.49)
Proof. (3.2)1t × p˜vφt, (3.2)2t × ψt, (3.2)3t × ξtθ
(
1
2
p˜
v
φ2t +
1
2
ψ2t +
1
2
R
γ − 1
ξ2t
θ
)t + (
Rξt − p˜φt
v
ψt)x + (u˜x(p− p˜))t ξt
θ
= k((
θx
v
)t
ξt
θ
)x − k(θx
v
)t
ξtx
θ
+ F3,
(3.50)
where F3 is
F3 =
1
2
(
p˜
v
)tφ
2
t +
1
2
R
γ − 1(
1
θ
)tξ
2
t + (
p˜
v
)tφxψt − (R
v
)tξxψt
+ [(
p˜
v
)txφ− (R
v
)txξ]ψt − ptψx ξt
θ
− k(θx
v
)t(
1
θ
)xξt.
(3.51)
Integrating (3.50) over [0, t] × R+ and note that ψt(τ, 0) = 0, ξt(τ, 0) = 0, then
making use of (3.47), (3.48) and previous results, when ε0, ǫ are suitably small,
‖(φt, ψt, ξt)(t)‖2 +
∫ t
0
‖ξtx(τ)‖2dτ
≤ C(v+, θ−)(‖(φt, ψt, ξt)(0)‖2 + ‖(φ0, ψ0, ξ0)‖21 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + ǫ 14 )
(3.52)
That is (3.49).
Lastly, we show the higher order derivative estimates.
Lemma 3.5. Under the same assumptions listed in Proposition 3.2, if ǫ, ε0 are
suitably small, it holds that
‖(φxx, ψxx, ξxx)(t)‖2 +
∫ t
0
‖ξxxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ǫ
1
4 + (η2 + η3 + ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ
+ η−13
∫ t
0
ξ2tx(τ, 0)dτ).
(3.53)
where η2, η3 are small positive constants which will be determined later.
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Proof. (3.2)1x ×− p˜vφxxx, (3.2)2xx × ψxx, (3.2)3x ×− ξxxxθ tell us
1
2
(
p˜
v
φ2xx + ψ
2
xx +
R
γ − 1
1
θ
ξ2xx)t − (
p˜
v
φtxφxx +
R
γ − 1ξtx
ξxx
θ
)x − (u˜x(p− p˜))x ξxxx
θ
+ k
ξ2xxx
vθ
= F4 − 2k(1
v
)xξxx
ξxxx
θ
− k(1
v
)xxξx
ξxxx
θ
− k( θ˜x
v
)xx
ξxxx
θ
,
(3.54)
where F4 is
F4 =
1
2
(
p˜
v
)tφ
2
xx +
1
2
(
R
γ − 1
1
θ
)tξ
2
xx − (
p˜
v
)xφtxφxx − R
γ − 1(
1
θ
)xξtxξxx + pxψx
ξxxx
θ
+ 3((
p˜
v
)xxφx + (
p˜
v
)xφxx)ψxx + (
p˜
v
)xxxφψxx − 3((R
v
)xxξx + (
R
v
)xξxx)ψxx − (R
v
)xxxξψxx.
(3.55)
Integrating (3.54) over [0, t]× R+, by (3.47) and (3.49)
‖(φxx, ψxx, ξxx)(t)‖2 +
∫ t
0
‖ξxxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + |
∫ t
0
H(τ, 0)dτ |
+ (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2 + ‖ξxxx(τ)‖2dτ + ǫ 14
+
∫ t
0
∫
R+
((
p˜
v
)xxxφ− (R
v
)xxxξ)ψxxdxdτ).
(3.56)
where
H(τ, 0) =
R
γ − 1ξtxξxx(τ, 0) +
p˜
v
φtxφxx(τ, 0) = H1(τ, 0) +H2(τ, 0)
On the one hand, using the relationship φtxx = ψxxx and previous results, we can
get
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∫ t
0
∫
R+
((
p˜
v
)xxxφ− (R
v
)xxxξ)ψxxdxdτ
=
∫ t
0
∫
R+
[(
p˜xxx
v
+ 3(
1
v
)xp˜xx + 3(
1
v
)xxp˜x)φ+ (p˜φ−Rξ)(1
v
)xxx]ψxx
=
∫ t
0
∫
R+
[(
p˜xxx
v
+ 3(
1
v
)xp˜xx + 3(
1
v
)xxp˜x)φ+ (p˜φ−Rξ)(− v˜xxx
v2
+ 6
vxvxx
v3
− 6v
3
x
v4
)]ψxx
−
∫ t
0
∫
R+
(p˜φ− Rξ)(φxxx
v2
)ψxx
≤ C(v+, θ−)((ε0 + ǫ 14 )
∫ t
0
‖(φx, ψx)(τ)‖21 + ǫ−
1
4
∫ t
0
‖u˜x‖2L∞‖φ, ξ‖2dτ)
−
∫ t
0
∫
R+
((p˜φ− Rξ)φxx
v2
ψxx)x +
∫ t
0
∫
R+
(
p˜φ− Rξ
v2
)xφxxψxxdxdτ
+
∫ t
0
∫
R+
((
p˜φ−Rξ
2v2
)φ2xx)t − (
p˜φ− Rξ
2v2
)tφ
2
xxdxdτ
≤ C(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ε0‖φxx‖2 + ǫ
1
4 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φx, ψx)(τ)‖21 + ‖ξxxx(τ)‖2dτ
+ ε0
∫ t
0
|φxx|2(τ, 0)dτ),
(3.57)
on the other hand, we turn to deal with the higher order boundary terms H(τ, 0) in
(3.56). By the conductivity of the equation (3.2)3, we know that
ξxx(τ, 0) = (
1
k
(Rθ−ψx − u˜xp˜φ) + ξxvx
v
− θ˜xx + θ˜xvx
v
)(τ, 0). (3.58)
Hence H1(τ, 0) can be estimated in following way
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|
∫ t
0
R
γ − 1ξtxξxx(τ, 0)dτ |
= |
∫ t
0
R
(γ − 1)[(
1
k
(Rθ−ψx − u˜xp˜φ) + ξxvx
v
− θ˜xx + θ˜xvx
v
)(τ, 0)ξx(τ, 0)]tdτ
−
∫ t
0
R
γ − 1(
1
k
(Rθ−ψx − u˜xp˜φ) + ξxvx
v
− θ˜xx + θ˜xvx
v
)t(τ, 0)ξx(τ, 0)dτ |
≤ C(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ‖φ, ψ, ξ‖21 + (η2 + ε0 + ǫ
1
4 )‖φxx, ψxx, ξxx‖2 + ǫ 14
+ (ε0 + ǫ
1
4 )
∫ t
0
‖φx(τ), ψx(τ)‖21dτ +
1
4
∫ t
0
‖ξxxx‖2dτ +
∫ t
0
‖ξx(τ)‖21dτ
+ (η2 + ε0 + ǫ
1
4 )
∫ t
0
(φ2xx + ψ
2
xx)(τ, 0)dτ).
(3.59)
Here η2 is a small positive constant which will be determined below. For the other
higher order boundary term H2(τ, 0) in (3.56) which is one of the main difficulties
in our estimates, we deal with it in following procedure. By (3.2)2,
ψtt(τ, 0) + (
Rξ − p˜φ
v
)tx(τ, 0) = 0, (3.60)
and ψtt(τ, 0) = 0 immediately gives us that
p˜
v
φtx(τ, 0) =
R
v
ξtx(τ, 0)− (( p˜
v
)txφ+ (
p˜
v
)tφx + (
p˜
v
)xφt − (R
v
)tξx)(τ, 0). (3.61)
Using this, and by Young-inequality, it holds that
|
∫ t
0
p˜
v
φtxφxx(τ, 0)dτ |
≤ C(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ǫ
1
4 + (ε0 + ǫ
1
4 )
∫ t
0
(φ2x + ψ
2
x + ξ
2
x + φ
2
xx + ψ
2
xx)(τ, 0)dτ
+ (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + η3
∫ t
0
φ2xx(τ, 0)dτ + η
−1
3
∫ t
0
ξ2tx(τ, 0)dτ,
(3.62)
where η3 is some small positive constant to be determined. Substituting (3.57), (3.59),
(3.62) into (3.56) and using (3.47), we have
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‖(φxx, ψxx, ξxx)(t)‖2 +
∫ t
0
‖ξxxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + (η2 + ε0 + ǫ
1
4 )‖(φxx, ψxx, ξxx)(t)‖2
+ ǫ
1
4 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ
+ (η2 + η3 + ε0 + ǫ
1
4 )
∫ t
0
(φ2xx + ψ
2
xx)(τ, 0)dτ + η
−1
3
∫ t
0
ξ2tx(τ, 0)dτ).
(3.63)
Similar as procedures (3.37)-(3.39), let (3.2)1xx × ψxx + (3.2)2xx × φxx, we have
(φxxψxx)t − 1
2
(
p˜
v
φ2xx + ψ
2
xx)x = F5, (3.64)
where F5 is
F5 =
5
2
(
p˜
v
)xφ
2
xx + 3(
p˜
v
)xxφxφxx − 3((R
v
)xxξx − R
v
ξxxxφxx.
+ (
R
v
)xξxx)φxx + {(( p˜
v
)xxxφ− (R
v
)xxxξ)φxx}
(3.65)
Integating (3.64) over [0, t]× R+, we can get
∫ t
0
φ2xx(τ, 0) + ψ
2
xx(τ, 0)dτ ≤ C(v+, θ−)(‖(φ0, ψ0)‖22 + ‖(φxx, ψxx)(t)‖2 + ǫ
1
4
+ (ε0 + ǫ
1
4 )
∫ t
0
‖(ψxx, ξxx)(τ)‖2dτ +
∫ t
0
‖(φxx, ξxxx)(τ)‖2dτ).
(3.66)
Here the estimate of the last term in (3.65) is similar as (3.57). Using (3.66), (3.63)
turns to
‖(φxx, ψxx, ξxx)(t)‖2 +
∫ t
0
‖ξxxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + (η2 + η3 + ε0 + ǫ
1
4 )‖(φxx, ψxx, ξxx)(t)‖2 + ǫ 14
+ (η2 + η3 + ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx, ξxxx)(τ)‖2dτ + η−13
∫ t
0
ξ2tx(τ, 0)dτ).
(3.67)
Choosing η2, η3, ε0, ǫ suitably small such that
C(v+, θ−)(η2 + η3 + ε0 + ǫ
1
4 ) ≤ 1
2
, (3.68)
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we get
‖(φxx, ψxx, ξxx)(t)‖2 +
∫ t
0
‖ξxxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ǫ
1
4 + (η2 + η3 + ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ
+ η−13
∫ t
0
ξ2tx(τ, 0)dτ).
(3.69)
That is our estimate (3.53).
Lemma 3.6. Under the same assumptions listed in Proposition 3.2, if ǫ, ε0 are
suitably small, it holds that
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4 + η4
∫ t
0
‖ξtxx(τ)‖2dτ).
(3.70)
where η4 is a small positive constant which will be determined later.
Proof. Similar as Lemma 3.3, (3.2)2x ×−φxx2 , (3.2)3x × ψxxp give us
p˜
2v
φ2xx + (
p˜
v
)xφxφxx + (
p˜
2v
)xxφφxx =
1
2
((ψxφxx)t − (ψxφtx)x + ψ2xx + (
Rξ
v
)xxφxx)
(
R
γ − 1
ψxx
p
ξx)t − R
γ − 1(
1
p
)tξxψxx − ( R
γ − 1
ψtxξx
p
)x +
R
γ − 1(
ξx
p
)xψtx + ψ
2
xx + pxψx
ψxx
p
+ (u˜x(p− p˜))xψxx
p
= k(
θx
v
)xx
ψxx
p
.
(3.71)
Then integrating (3.71)1 + (3.71)2 over [0, t]× R+, we get
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ ≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φx, ψx, ξx)(t)‖21 +
∫ t
0
‖ξx(τ)‖22dτ
+ ǫ
1
4 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ) + |
∫ t
0
(ψxφtx)(τ, 0)dτ |+ |
∫ t
0
(
ψtxξx
p
)(τ, 0)dτ |
(3.72)
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For the boundary terms in (3.72), making use of (3.61), (3.39), (3.47) and (3.53),
(3.66) we have
|
∫ t
0
(ψxφtx)(τ, 0)dτ | ≤ C(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ǫ
1
4 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2
+ [(ε0 + ǫ
1
4 )η−13 + 1]
∫ t
0
ξ2tx(τ, 0)dτ)
(3.73)
and
|
∫ t
0
(
ψtxξx
p
)(τ, 0)dτ | = |
∫ t
0
(
ψxξx
p
)t(τ, 0)−
∫ t
0
((
ξx
p
)tψx)(τ, 0)|dτ
≤ C(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ‖ψx, ξx‖21 + ǫ
1
4 + (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ
+
∫ t
0
ξ2tx(τ, 0)dτ).
(3.74)
Substituting (3.73) and (3.74) into (3.72), and using (3.47), (3.53), we have
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ ≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ǫ
1
4
+ (η2 + η3 + ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2dτ + η−13
∫ t
0
ξ2tx(τ, 0)dτ).
(3.75)
Again choosing η2, η3, ε0, ǫ suitably small such that
C(v+, θ−)(η2 + η3 + ε0 + ǫ
1
4 ) ≤ 3
4
, C(v+, θ−)η
−1
3 ≤ C¯(v+, θ−), (3.76)
for some positive constant C¯(v+, θ−) which is larger than C(v+, θ−), the condition
(3.76) we proposed could be satisfied obviously. Then using (3.49), by Sobolev’s
inequality and Young inequality, (3.75) becomes∫ t
0
‖(φxx, ψxx)(τ)‖2dτ
≤ C1(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4
+
∫ t
0
‖ξtx(τ)‖2dτ + η4
∫ t
0
‖ξtxx(τ)‖2dτ)
≤ C(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4
+ (ε0 + ǫ
1
4 )
∫ t
0
‖(φxx, ψxx)(τ)‖2 + η4
∫ t
0
‖ξtxx(τ)‖2dτ),
(3.77)
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where η4 is a small positive constant to be determined later. Finally, because of the
sufficient small constants ε0, ǫ again, we see that∫ t
0
‖(φxx, ψxx)(τ)‖2dτ
≤ C(v+, θ−)(‖φ0, ψ0, ξ0‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4 + η4
∫ t
0
‖ξtxx(τ)‖2dτ).
(3.78)
That is (3.70).
Now combining Lemma 3.1-Lemma 3.6, we have following results:
‖(φ, ψ, ξ)(t)‖22 + ‖(φt, ψt, ξt)(t)‖2 +
∫ t
0
‖(φx, ψx, ξx)(τ)‖21dτ
+
∫ t
0
‖ξtx(τ)‖2 + ‖ξxxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4 + η4
∫ t
0
‖ξtxx(τ)‖2dτ).
(3.79)
In order to close our estimate (3.79), we have following Lemma.
Lemma 3.7. Under the same assumptions listed in Proposition 3.2, if ǫ, ε0, η4 are
suitably small, it holds that
‖(φtx, ψtx, ξtx)(t)‖2 +
∫ t
0
‖ξtxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖21 + ǫ
1
4 )
(3.80)
Proof. (3.2)1tx × p˜vφtx, (3.2)2t ×−ψtxx, (3.2)3t ×− ξtxxθ imply that
1
2
(
p˜
v
φ2tx + ψ
2
tx +
R
γ − 1
ξ2tx
θ
)t − (ψttψtx + R
γ − 1ξtt
ξtx
θ
+
R
v
ψtxξtx)x + (
R
v
)xψtxξtx
− (u˜x(p− p˜))t ξtxx
θ
= F6 − k(ξx
v
)tx
ξtxx
θ
− k( θ˜x
v
)tx
ξtxx
θ
,
(3.81)
where F6 is
F6 = {1
2
(
p˜
v
)tφ
2
tx +
1
2
(
R
γ − 1)(
1
θ
)tξ
2
tx −
R
γ − 1(
1
θ
)xξttξtx + ptψx
ξtxx
θ
}
+ {[((R
v
)xξt + (
R
v
)tξx + (
R
v
)txξ)− (( p˜
v
)tφx + (
p˜
v
)xφt + (
p˜
v
)txφ)]ψtxx}
= F61 + F62.
(3.82)
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Obviously,
|F61| ≤ C(v+, θ−)[(ε0 + ǫ 14 )(φ2x + ψ2x + ξ2x + φ2xx + ψ2xx + ξ2xx + ξ2tx + ξ2txx)
+ |v˜x|2(φ2 + ξ2) + |θ˜txx|2 + |v˜xxθ˜x|2 + |v˜x|6]
(3.83)
Integrating (3.81) over [0, t]×R+ and using (3.79), (3.82),(3.83), note that ψtt(τ, 0) =
ξtt(τ, 0) = 0, we have
‖(φtx, ψtx, ξtx)(t)‖2 +
∫ t
0
‖ξtxx(τ)‖2dτ ≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖21 + ǫ
1
4
+ (ε0 + ǫ
1
4 + η4)
∫ t
0
‖ξtxx(τ)‖2dτ + |
∫ t
0
R
v
ψtxξtx(τ, 0)dτ |+
∫ t
0
∫
R+
F62dxdτ.
(3.84)
By using the equations φtx = ψxx, (3.39), (3.66) and (3.79), F62 could be estimated
by
∫ t
0
∫
R+
[((
R
v
)xξt + (
R
v
)tξx + (
R
v
)txξ)− (( p˜
v
)tφx + (
p˜
v
)xφt + (
p˜
v
)txφ)]ψtxxdxdτ
=
∫ t
0
∫
R+
[((
R
v
)xξt + (
R
v
)tξx)ψtx]x − ((R
v
)xξt + (
R
v
)tξx)xψtx
− [(( p˜
v
)tφx + (
p˜
v
)xφt +
p˜tx
v
+ p˜t(
1
v
)x + p˜x(
1
v
)tφ)ψtx]x + (Rξ − p˜φ)(1
v
)txψtxx
+ ((
p˜
v
)tφx + (
p˜
v
)xφt +
p˜tx
v
+ p˜t(
1
v
)x + p˜x(
1
v
)tφ)xψtxdxdτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4
+ (ǫ
1
4 + ε0)
∫ t
0
φ2x(τ, 0) + ψ
2
x(τ, 0) + φ
2
xx(τ, 0)dτ + η4
∫ t
0
‖ξtxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4 + η4
∫ t
0
‖ξtxx(τ)‖2dτ,
(3.85)
where∫ t
0
∫
R+
(Rξ − p˜φ)(1
v
)txψtxxdxdτ
=
∫ t
0
∫
R+
[(Rξ − p˜φ)(2vxvt
v3
− v˜tx
v2
)ψtx]x − [(Rξ − p˜φ)(2vxvt
v3
− v˜tx
v2
)]xψtx
+ ((
p˜φ− Rξ
v2
)
ψ2xx
2
)t − ( p˜φ− Rξ
v2
)t
ψ2xx
2
dxdτ.
(3.86)
For the boundary term in the right hand side of (3.84), using above results
(3.39), (3.66), (3.79) again, we immediately have
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|
∫ t
0
R
v
ψtxξtx(τ, 0)dτ |
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4
+
∫ t
0
φ2x(τ, 0) + φ
2
xx(τ, 0) + ‖ξtx(τ)‖2dτ + η4
∫ t
0
‖ξtxx(τ)‖2dτ)
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖2 + ǫ
1
4 + η4
∫ t
0
‖ξtxx(τ)‖2dτ)).
(3.87)
Substituting (3.85)− (3.87) into (3.84), (3.84) turns to
‖(φtx, ψtx, ξtx)(t)‖2 +
∫ t
0
‖ξtxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖21 + ǫ
1
4 + (ε0 + ǫ
1
4 + η4)
∫ t
0
‖ξtxx(τ)‖2dτ).
(3.88)
Choosing ε0, ǫ, η4 suitably small, we finally get
‖(φtx, ψtx, ξtx)(t)‖2 +
∫ t
0
‖ξtxx(τ)‖2dτ
≤ C(v+, θ−)(‖(φ0, ψ0, ξ0)‖22 + ‖(φt, ψt, ξt)(0)‖21 + ǫ
1
4 )
(3.89)
That is (3.80). Combining Lemma 3.1-Lemma 3.7, we can get Proposition 3.2.
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